We suggest a family of spin-ladder models with exact singlet-rung vacuum. In addition to the terms describing interactions along legs and rungs the Hamiltonian has frustration and cyclic terms. Using coordinate Bethe ansatze all one-and twomagnon states are constructed. The explicit formula for zero-temperature Raman scattering cross section is derived. The corresponding line-shapes are strongly asymmetric and have no more than one van-Hove singularity. The results are in good agreement with experimental data.
Introduction
Spin-ladders are the simplest models of 1D magnets which have relationship to high-T c superconductivity [1] . In the last decade the spin-ladder models and spin-ladder materials were intensively studied both theoretically and experimentally. Among the variety of experimental methods Raman scattering offers a powerful tool to examine two-magnon singlet states [2] . Peaks of the Raman scattering cross section I(ω, θ) as a function of ω correspond to singlet excited states [2] . Dependence of I(ω, θ) on polarization angle θ estimates the ratio of interaction constants [3] .
Hilbert space of a spin-ladder model is the tensor product of infinite number of spaces C 4 associated with its rungs. The corresponding Hamiltonian H has the following form:
Each matrix H n,n+1 acts as a 16 × 16 matrix H in the tensor product of the spaces C 4 corresponding to n-th and (n + 1)-th rungs and as identity matrix in other factors. The matrix H is called the local Hamiltonian density. It contains all information about the Hamiltonian H.
The convenient general form of the operator H n,n+1 associated with a spin-ladder is the following [1] , [4] , [5] :
where
Here S i,n (i = 1, 2, n = −∞...∞) are spin-
operators associated with cites of the ladder and I is an identity matrix. We have added the last term H norm n,n+1 for normalization to zero the lowest eigenvalue of H.
Let w n and f k n be singlet and triplet states associated with each rung:
Vectors f k n may be expressed from w n as follows:
As it was pointed in [1] the spin-ladders with the following ground state:
are related to high-T c superconductivity. However for all studied up to now spin-ladder models the state (6) was only the bare vacuum. In this paper we introduce the special conditions on coefficients J ⊥ , J , J f rust J c and J norm . Under these conditions the state (6) is the exact zero-energy ground state of the Hamiltonian (1)-(3). Such "tuning"
of Hamiltonian density parameters in order to obtain the expected vacuum state was developed in [6] .
the state w ⊗ w is a zero eigenstate of the 16 × 16 matrix H. All the other eigenstates are separated into the following sectors:
with eigenvalues:
and two triplets w ⊗ f k ± f k ⊗ w with eigenvalues:
Here
According to (8) and (9) these eigenvalues satisfy the following system of relations:
If we suggest that all eigenvalues except the zero one corresponding to w ⊗ w must be positive then according to (8) , (9) and (11) we obtain the following system of inequalities:
Conditions (7) and (12) guarantee that the state (6) is the exact ground state of the
Hamiltonian (1)-(3).
It may be proved directly that the Hamiltonian (1)-(3) commutes with the operator:
where the corresponding operator
nontrivially acts only in the n-th rung:
According to (15) the operator Q has nonnegative integer eigenvalues except the single zero one corresponding to the state |0 . We shall interpret Q as magnon number operator.
One and two-magnon states
Evaluation of excited states for a general spin-ladder Hamiltonian is a serious theoretical problem [7] , [8] , [9] , [10] . However when the conditions (7) and (12) are satisfied all oneand two-magnon excitations may be obtained by the use of coordinate Bethe ansatze [11] (multi-magnon states will be studied in the forthcoming paper). In the strict approach the Bethe Ansatze is applied at the beginning to finite-length chains. For finite N (in our case 2N + 1 will be the number of rungs) the obtained formulas for spectrum are rather complicated. However they reduce and become simple in the limit N → ∞. In order to avoid the finite-N calculations we have put from the outset that N = ∞. Of course all the results may be reproduced in the traditional manner.
A one-magnon state has the following form:
(where we have omitted all symbols ⊗). The energy corresponding to (16) is the following:
From (17) follows that the value 2|J c | is the energy width of one-magnon continuum. The case J c > 0 correspond to antiferromagnetic magnon dispersion while the case J c < 0 to ferromagnetic. This remarkable feature of our model may be interpreted as follows. According to (7) the constant J c measures a balance between the interaction along legs and frustration. For J c > 0 (J f rust < J ) the frustration is suppressed however for J c < 0 it dominates.
Let us denote by |S, β the two-magnon state of total spin S. Here β is a list of additional parameters. As in [11] we suggest the following general expressions for Bethe states:
The standard calculation follows to the Schrödinger equation:
and the Bethe condition for amplitudes:
2∆ S a S (n, n + 1) = a S (n, n) + a S (n + 1, n + 1).
For each S the Eq. (22) has two solutions. The scattering solution:
and the bound solution:
where the real parameters v ≥ 0 and −π < u ≤ π satisfy the following condition:
From (28) and nonnegativity of v follows that
The corresponding to (25) and (27) eigenvalues are:
We shall denote the obtained scattering and bound states of total spin S as: |S, k 1 , k 2 scatt and |S, u bound .
Calculation of Raman cross section
Raman scattering in spin-ladders was theoretically studied in a number of papers (see [3] , [12] - [15] and references therein). Following Sugai [16] we shall consider only the case when the incident and scattered light have parallel polarization directions both lying in the plane of the ladder and forming an angle θ with respect to vertical bonds. The zerotemperature two-magnon Raman scattering cross section as a function of frequency and θ can be expressed using Fermi's golden rule [14] :
where we have added the normalization factor 1 2N +1 [12] . Within the Fleury-Loudon-Elliot approach the effective Raman Hamiltonian H R (θ) have the following form [2] , [3] (we also take into account interactions across diagonals): 
and taking into account the Eq. (4) we represent I(ω, θ) in the factorized form:
The formula (36) expresses polarization angle dependence of Raman cross section however it may be applied in a straightforward way only for θ = mπ 2 [17] . From the Eq. (5), translational and SU(2) invariance of H −− follows that only translation invariant singlet two-magnon states give contribution to the formula (37). Separating the contributions from scattering and bound states we represent I 0 (ω) in the following form:
Since both the states |0, k, −k scatt and |0, 0 bound are unnormalized a straightforward calculation based on the formulas (39), (40) is impossible. However passing to the finite chain with 2N + 1 rungs and taking the limit N → ∞ we obtain the following formula:
In order to calculate I scatt 0 (ω) we must substitute the expressions (25) and (26) into (41) and then put k 1 = −k 2 = k. In order to calculate I bound 0 (ω) we must substitute the expressions (27) and (28) into (41) and put u = 0. The straightforward calculation gives:
Using the substitution k → 2N +1 2π 2π 0
dk we obtain from (42)-(45) the final expressions for the cross sections:
Here Θ is the step function and x is the rescaling parameter:
From (29) and (47) In the case ∆ = ±1 the cross section I scatt 0 as a function of x has maximum in the point:
In order to study the line-shape in more detail we shall find its inflection points. The second derivative of I scatt 0 with respect to x is the following:
Since has two inflection points. From the straightforward calculation follows that p max > 0 only for
where ∆ ± = 3 ± 2 √ 2 (∆ − ≈ 0.4142, ∆ + ≈ 2.4142). It may be easily proved in a straightforward way that (
In the case (53) the line-shape near the maximum (49) is similar to van-Hove singularity. For ∆ − < ∆ 0 < ∆ + this "singularity" lies near the top of the two-magnon continuum however for −∆ + < ∆ 0 < −∆ − near the bottom. In both the cases the line-shape of Raman scattering is strongly asymmetric. The case p max < 0 with no inflection points may be interpreted as a broad maximum. Line shapes corresponding to different values of ∆ 0 are presented in the Fig. 1 .
As it follows from (30) and (31) for ∆ 0 → 1+0 + the top of the two-magnon continuum and the bound two-magnon state have the same energy: 2J⊥−J c . It was proposed in [14] that this merging leads to a resonance and redistribution of Raman intensity. However as it follows from (30) and (31) this effect does not take place in our model. 
Comparison with experiment and discussion

